The Sum of the First n Whole Number Cubes

Problem:

a) Derive the formula for the sum of the first n cubes.
b) Prove the sum is the square of the n*" triangular number.
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nn+1 n*(n + 1)?
<i.e.53 13423 +3% 4+ o +n3 =(51)2=<¥> =%)

Solution:

a) Let’s examine the first five sums:
13 =1
13+423=9=32=(1+2)3
13+ 23+ 3% =36 =6%=(3+ 3)?
13+23+33+43 =100 =10% = (6 + 4)?
13+ 23433+ 43 +53=225=15% = (10 + 5)2
So it seems that the sum is always square, more specifically the sum of first n cubes
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: 3 3 3 3 _ (1011)% _ cpp _
We can verify the formula, 1° + 2° +3° + ...........+10° = (T) = 55% = 3025

b) Now, let’s prove the formula.

;k‘*—(k—n‘*

=n*--D+[n-D*—(n—-2)*+ .o .. + &[3* = 3%]
+ [2% — 1] + [1* — 0]
=nt (D)
Now, k* — (k—D*=k*— (k* —4k3 + 6k? —4k +1) = 4k® —6k? + 4k —1 ... ...... (ii)

Hence,

n
Z(4k3—4k2+4k—1)=4Zk3—62k2+42k—21
k=1

_ 4Zk3 _6n(n+ 1)6(2n+ 1) +4n(n2+ 1)_n




=421(3—n(n+1)(2n+1)+2n(n+1)—n ......... (iii)
Now using (i) and (ii), for equation (iii) we can rewrite

4Zk3—n(n+ D2n+1)+2n(n+1) —n=n*

=>4Zk3=n4+n(n+1)(2n+1)—2n(n+1)+n

=nn*+Mm+1DC2n+1)-2(n+1) +1]
=nn®+2n*+3n+1-2n—-2+1]
=n[n3 + 2n? + n]
=n?(n®>+2n+1)
=n?(n+ 1)?

Hence,
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So, the sum of first n cubes is the square of the sum of the first n natural numbers.



